M t>m is an injection of T X ^(4) into ^t(C(T f A)). It is shown that if T is realcompact, A is a Q algebra with continuous inversion and either ~^(A) is locally equicontinuous or T is discrete, then this injection is a homeomorphism. It is further shown that if the assumption about T is reduced to complete regularity, then ~^(C*(!Γ, A)) is homeomorphic to {βT) x ^t(A) 9 and if A is also realcompact, then ~^(C(T, A)) is homeomorphic to (υT) X ~^?(A).
These results are obtained for topological algebras over the reals, the complexes and certain ultraregular topological fields (including all nonarchimedean valued fields) with no assumptions of local convexity. 1 . We assume that the reader is familiar with the properties of C(T, A) and C*(T, A) for T completely regular and A the real or complex numbers, as presented in Gillman and Jerison [4] . For a development of analogous results when A is an ultraregular topological field (an ultraregular space is one whose topology has a base of sets which are both open and closed), the reader is referred to Bachman, Beckenstein, Narici and Warner [1] , In this case, T is also assumed to be ultraregular, the Banaschewski compactification (/3 0 Γ) is analogous to the Stone-Cech compactification (βT), jF-replete is analogous to realcompact and the F-repletion (υ F T) is analogous to the realcompactification (υT). Except where noted, all pairs (Γ, A) used below are assumed to satisfy either of two sets of conditions: T is completely regular and A is a commutative topological algebra with identity e over the real or complex numbers, or T is ultraregular, A is a commutative topological algebra with identity e over a complete ultraregular topological field F, and disjoint F-zero sets in T (i.e., inverse images of {0} under continuous functions from T into F) have disjoint closures in β Q T (which will hold if the field is met-365 rizable). In either case, F denotes the underlying field, and wherever, analogous proofs are applicable they are only written out for the completely regular case. By a Q algebra (Q ring), we mean inversion is continuous on the open set of units.
Results similar in spirit to ^€(C(T, A)) = T x ^f(A) have been obtained by various authors. For a topological algebra X, let
For this paragraph assume that C(T, A) has the compact open topology. Yood showed that if A is a J3* algebra and T is compact, then HOM(C(Γ, A)) ~ T x HOM (A) (cf. [12, Theorem 3.1] ); Hausner [5] weakened the condition on A to being a commutative Banach algebra. Using tensor products, Mallios weakened the condition further to A is a locally multipicatively convex (lmc) algebra whose completion is a Q algebra [8, Theorem 5.1] ; and (again using tensor products) Dietrich showed that HOM (C(T, A)) = T x HOM (A) if T is a completely regular /b-space and A is a complete locally convex algebra with HOM (A) locally equicontinuous [3, Theorem 4] . This author showed that ^T(C(Γ, i))=Γx ^T(A) if T is realcompact and A = C(S, F) (with the compact open topology) for a locally compact realcompact space S [6, Corollary 2] . In the first three cases, HOM and ^ identical, but in the last two HOM (C(T(A)) can be a proper subset of ^f(C(T, A)). Our goal is to generalize the results of Yood, Hausner and Mallios about ^ to spaces T which are not compact. No topological structure is imposed on C(Γ, A), nor are convexity assumptions made about A.
(this is easily seen to be equivalent to Kaplansky's definition of free: for each teT there is an fel such that f(t) = e [7, p. 172] ). An ideal is fixed if it is not free. The proofs of the following lemmas are direct. T, A) ). The set T x t(A) then has three topologies under consideration: the product topology, the relative topology from ^£{C(T, A)) (generated by the family {f:feC(T, A)}) and the relative topology from ^(C*(T, A)) (generated by the family {f:feC*(T, A)}). The continuity of each / with respect to the product topology clearly implies the continuity of h and h*.
With this in mind, we say that ^€(A) is locally equicontinuous if ^f(A) = HOM (A) and each m e HOM (A) has an equicontinuous neighborhood in HOM (A) (identifying m e HOM (A) with the unique continuous multiplicative linear functional of which it is the kernel and HOM (A) as a subspace of the topological dual of A).
LEMMA 3 (Dietrich [3, p. 208 
]). Let ^f(A) be locally equicontinuous. Then for each feC(T, A), / is continuous with respect to the product topology; thus h and h* are continuous.
Dietrich also gives an interesting example to show that h need not be continuous if HOM (A) is not locally equicontinuous. The next lemma shows that we can insure the continuity of h and h* by imposing a restriction on T instead of A. LEMMA 
Let T be a discrete topological space. Then for each feC(T, A), / is continuous with respect to the product topology; thus h and h* are continuous.
Proof. By the definition of the topology on ^C(A), / is continuous on each slice {t 0 } x ^f(A).
Since these slices form an open partition of T x .^(A), / is continuous on T x ^{A). THEOREM 
Let T be completely regular and A be a commutative topological algebra with identity over the real or complex numbers, or T be ultraregular and A be a commutative topological algebra over a complete ultraregular topological field. Then h: (t, m) -• > M t>m and h*:(t, m)-+M* m are relatively open maps. Therefore if f(A) is locally equicontinuous or T is discrete, h and h* are homeomorphisms of T x ^&(A) onto subspaces of ^f(C(T, A)) and
Proof. The product topology is generated by the projections p t and p m onto T and ^£(A) respectively. By the complete regularity (ultraregularity in the ultraregular case) of T, the topology on T is generated by C*(T, F)\ by definition the topology on ^€{A) is generated by {d:aeA}.
The product topology is then generated by {g°Pt-9 € C*(T 9 F)} \J {dop m :aeA}; we claim that each of these is actually of the form / for some / e C*(T, A). Consider any g e C*(T, F) and let f(t) = g(t)e; then
Next consider any α e A and let /(£) = a; then
Thus each function generating the product topology is a function generating both relative topologies, and h and fc* are relatively open.
3* The compact case* In the studies of C{T, F) by Gillman and Jerison [4] and Bachman, Beckenstein Narici and Warner [1] , the fact that the F-zero sets are closed plays a central role. In rings of algebra valued functions, the role of the F-zero sets is played by the inverse images of the maximal ideals in A and the set N of all non-invertible elements. It is therefore not surprising to find the assumption that A is a Q algebra appearing in the remaining theorems. That assumption, however, is not necessary: results obtained by this author which were cited above apply when A = C(S, F) (with the compact open topology) for any realcompact and locally compact space S. But if S is not compact and F = C, A will not be a Q algebra. For then the functions of compact support are a proper free ideal which must be contained in a maximal ideal; since S is realcompact, a free maximal ideal in C(S, F) cannot be of codimension 1, and therefore is not closed (cf. [9, Prop. 2.9c, p. 13] ).
We now show that h ( = h* in this case) is onto if T is compact and A is a Q algebra; this will then be used in to obtain more general results. We state and prove the theorem only for the real and complex cases. The ultraregular case follows from the following theorem of Kaplansky [7, theorem 24 
is discrete, then ^/έ(C(T, A)) ~ T x COROLLARY 2(a). If T is completely regular and A is a Q algebra over the real or complex numbers, then the maximal ideals of codimension 1 in C*(T, A) are the ideals M%, m -{feC*(T, A): βf(v) € m}, where p e βT and m e ^£(A). If ^£{A) is also locally equicontinuous, then Λ?(C*(T, A)) = (βT) X ^f(A). (b) If T is ultraregular and A is a Q algebra over a complete ultraregular topological field, then the maximal ideals of codimension 1 in C*(T, A) are the ideals Mϊ, m = {feC*(T, A): β o f(p)em], where p e β 0 T and m e ^/f(A). If ^/f(A) is also locally equicontinuous, then ΛT(C*{T, A)) = (β Q T) x
Proof. f-+βf and f-+β o f are isomorphisms from C*(T, A) onto C(/3T, A) and C(β 0 T, A) respectively. Corollary 1 generalizes the theorems of Yood and Hausner. More generally, if A is a locally convex Q algebra, ^f(A) is equicontinuous (cf. Warner [11, Theorem 6] ), and the preceding results, as well as those which follow, apply. They also apply when A is a locally bounded algebra (cf. Zelasko [13, Chapter 1] ). These algebras are not necessarily locally convex.
Theorem 2 shows that if A is a Q algebra and T is compact, then all ideals in C(Γ, A) are fixed; if A is not a Q algebra in the sense that the set of regular elements of A is not open, it is always possible to find a compact space T such that C(T, A) has free proper ideals. Let {a a : a e Λ} be a net of noninvertible elements of A converging to e and T = Λ U {°°} the one point compactification of the discrete space Λ. Define f a (cc) = e and fjt) = 0 for t Φ a and aeT; fco(°°) -e an d fco( a ) = Q>a for a e Λ. {f a : aeT} then generates a proper free ideal in C(T, A). This ideal is contained in a free maximal ideal, but that ideal may not be of codimension 1 (e.g., if A = C(S, F) with S locally compact, realcompact but not compact). When A = F and T is realcompact (i^-replete in the ultraregular case), T can be recovered from the space of maximal ideals in C(T, A) of codimension 1 (up to a homeomorphism); this is not generally possible for topological algebras A, even if T is compact and A is a Banach algebra. Let S be an infinite product of copies of [0, 1] with the product topology, T, = [0, 1], T 2 = {0} and A the £* algebra C(S, C). By Corollary 1, ^t(C(T l9 A) ) ^T,xS^S and ^T(C(T 2 , A)) = T 2 x S = S, but 2\ and T 2 are clearly not homeomorphic. Furthermore, T cannot be recovered from C(T, A) in any other manner: from a theorem of Yood [12, Theorem 3.1 
], both C(T 19 A) and C(T 2 , A) are isomorphic to C(S,

4* The general case. We next examine ^/f(C(T, A)) when T is not compact. As in the case of C(T, &), the realcompactness of
T is used to show that all maximal ideals of codimension 1 are fixed and the realcompactification of T is used to "fix" the free maximal ideals of codimension 1. Two preliminary results are needed first (the real and ultraregular cases requiring different proofs): they essentially say that every proper ideal in C(T, A) is "fixed" in βT. THEOREM 
Let A be a Q algebra over the real or complex numbers and I a proper ideal in C(T, A). Then f] {c\ βτ N(f):f£ 1} is not void.
Proof. Suppose that the intersection is empty. Since βT is compact, there is a finite set {/J in I such that Γ\{^βτN(fi)} = 0. The complements (in βT) of these sets form a finite open cover of βT) choose a partition of unity subordinate to that open cover. The restriction to T of these functions is then a partition of unity on T subordinate to the open cover {T\N(fi)}. Denote that partition of unity by {h t } and define g t (t) = h^Ut)' 1 for t in T\N(ft) and g t (t) = 0 elsewhere. Then Σ Qtfi e I an^ Σ Qifie > showing that I is not a proper ideal. THEOREM 
Let Abe a Q ring, T ultraregular and I a proper ideal in C{T, A). Then Π {&β Q τN(f): fel] is not void.
Proof. Proceeding as in the previous proof, we obtain a finite set {/J in I such that β.TXNifi) is an open cover of β 0 T. Since β 0 T is ultraregular and compact, this open cover can be refined by a finite clopen partition (a clopen set is one which is both open and closed). The characteristic functions of these sets form a partition of unity, and the remainder of the proof is the same as that of Theorem 3.
THEOREM 5(a). Let T be realcompact and A a Q algebra over the real or complex numbers. Then every maximal ideal of codimension 1 is fixed. If ^£{A) is locally equicontinuous or T is discrete, then ^(C(T, A)) = T x ^f(A).
( 
// ^f(A) is locally equicontinuous or T is discrete, then ^f(C(T, A)) = (o F T) x
Proof. f-*υf and f-+υ F f are isomorphisms of C(T, A) onto C(υT, A) and C(υ F T, A) respectively. Proof. Use Theorem 5 and Dietrich's theorem [3, Theorem 4] .
Note that if T is a ά-space which is not realcompact, there exist maximal ideals of codimension 1 which are not closed; i.e.,
HOM (C(T, A)) Φ ^€(C{T, A)).
Brooks has examined the relationship between HOM (X) and ^£{X) with the hull-kernel topologies for complete lmc algebras in [2] . He defines the X-realcompactification of X, υ x (ROΉl(X)), in a natural way and proves that ^X(HOM (X)) = (X) [2, Theorem 1.9] . Call X regular if {x:xeX} is a regular family of functions on ^t(X) (note that this differs from Brooks terminology in that he only requires it to be a regular family on HOM (X)). The proof of Proposition I page 222 in Naimark [10] can be used here to show that the hull kernel topologies on ^£{X) and HOM(X) are the same as the Gelfand topologies used elsewhere in this paper if and only if X is regular. Furthermore, if X -G(T, A), the imbedding of C(T, <ST) into C(T, A) via g(t)->g(t)e and the complete regularity of T imply the regularity of C(T, A); thus the hullkernel and Gelfand topologies on ^/t(C(T 9 A)) coincide. We now have a final corollary to Theorem 5. COROLLARY 
Let T be realcompact and A be a complete lmc Q algebra over the complex numbers, and give C(T, A) any compatible topology which makes it a complete lmc algebra (such as the compact open topology). Then υ ciτ>A) (HOM (C(T, A))) ~ T x ^f(A).
If T is only assumed to be completely regular, but A is assumed to be realcompact, then υ ciTyA) (HOM (C(T, A) The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Please do not use built up fractions in the text of your manuscript. You may however, use them in the displayed equations. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. Items of the bibliography should not be cited there unless absolutely necessary, in which case they must be identified by author and Journal, rather than by item number. Manuscripts, in triplicate, may be sent to any one of the editors. Please classify according to the scheme of Math. Reviews, Index to Vol. 39. All other communications should be addressed to the managing editor, or Elaine Barth, University of California, Los Angeles, California, 90024.
The Pacific Journal of Mathematics expects the author's institution to pay page charges, and reserves the right to delay publication for nonpayment of charges in case of financial emergency. 100 reprints are provided free for each article, only if page charges have been substantially paid. Additional copies may be obtained at cost in multiples of 50.
The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate: $72.00 a year (6 Vols., 12 issues). Special rate: $36.00 a year to individual members of supporting institutions.
Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
